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Abstract
Let G be a ﬁnite group andOC(G) be the set of order components of G. Denote by k(OC(G)) the
number of isomorphism classes of ﬁnite groupsH satisfyingOC(H)=OC(G). It is proved that some
ﬁnite groups are uniquely determined by their order components, i.e. k(OC(G))=1. Let n=2m4.
As the main result of this paper, we prove that if q is odd, then k(OC(Bn(q)))= k(OC(Cn(q)))= 2
and if q is even, then k(OC(Cn(q))) = 1. A main consequence of our results is the validity of a
conjecture of J.G. Thompson and another conjecture of W. Shi and J. Bi for the groups Cn(q), where
n= 2m4 and q is even.
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1. Introduction
We denote by (n) the set of all prime divisors of the integer n. Let G be a ﬁnite group.
The set (|G|) is denoted by (G). We construct the prime graph of G as follows:
The prime graph (G) of a group G is the graph whose vertex set is (G), and two
distinct primes p and q are joined by an edge (we write p ∼ q) if and only if G contains an
element of order pq. Let t (G) be the number of connected components of (G) and let 1,
2, . . . ,t (G) be the connected components of (G). If 2 ∈ (G), then we always suppose
2 ∈ 1.
Now |G| can be expressed as a product of coprime positive integersmi , i=1, 2, . . . , t (G)
where (mi) = i . These integers are called the order components of G. The set of order
components of G will be denoted by OC(G). Also we call m2, . . . , mt(G) the odd order
components ofG. The order components of non-abelian simple groups having at least three
prime graph components are obtained by Chen [7] (see [20, Tables 2, 3]). Similarly the order
components of non-abelian simple groups with two order components can be obtained by
using the tables in [14,34] (see [20, Table 1]).
Given a ﬁnite group G, let k(OC(G)) be the number of isomorphism classes of ﬁnite
groups with the same set OC(G) of order components.
It is obvious that k(OC(G))1, for any group G.
In terms of function k, groups G are classiﬁed as follows:
Deﬁnition 1.1. A group G is called an r-recognizable group if k(OC(G))= r . Usually, a
1-recognizable group is called a characterizable group.
If p is a prime number, then k(OC(Zp))= 1. Similarly k(OC(Z4))= 2.
The following groups are uniquely determined by their order components (characterizable
groups): Suzuki-Ree groups [6], sporadic simple groups [3], almost sporadic simple groups,
except Aut(McL) and Aut(J2) [23], E6(q) [25], 2E6(q) [26], E8(q) [5], G2(q), where
q ≡ 0 (mod 3) [2], F4(q), where q = 2n [16], PSL(2, q) [7], PSL(3, q), where q is an
odd prime power [20], PSL(3, q), where q = 2m [21], PSL(5, q) [15], PSL(p, q) [24],
PSU(n, q), where n= 3, 5, 11 [22,18,19] and C2(q), where q > 5 [17].
In this paper we consider the simple groups Bn(q)P2n+1(q)2n+1(q)
SO2n+1(q)′ andCn(q)PSp2n(q)Sp2n(q)/{±1}, where n=2m. If n=1, thenC1(q)
B1(q)PSL(2, q). Also if n= 2, then C2(q)B2(q). If n3, then Bn(q)Cn(q) if and
only if q is an odd prime power (see [12, p. 229]).
Let n= 2m2. By using the tables in [20], it follows that for every q, Cn(q) and Bn(q)
have non-connected prime graphs and
OC(Bn(q))=OC(Cn(q))=
{
m1 = qn2(qn − 1)
n−1∏
i=1
(q2i − 1), m2 = q
n + 1
(2, q − 1)
}
.
The characterizability of Cn(q) by its order components, for n= 1 and n= 2, q > 5 was
proved in [7] and [17], respectively. Therefore in the sequel we suppose that n= 2m4.
In this paper, as the main result, the following theorem is proved:
A. Khosravi, B. Khosravi / Journal of Pure and Applied Algebra 199 (2005) 149–165 151
Main theorem. Let G be a ﬁnite group and n = 2m4. If q is an odd prime power, then
k(OC(Cn(q)))= k(OC(Bn(q)))= 2, and if q is a power of 2, then k(OC(Cn(q)))= 1.
In this paper, all groups are ﬁnite and by simple groups we mean non-abelian simple
groups. All further unexplained notations are standard and refer to [9], for example. Also
we use the results of Williams [34] and Iiyori and Yamaki [14] about the prime graph of
simple groups.
We denote by (a, b) the greatest common divisor of positive integers a and b. Let m be
a positive integer and p be a prime number. Then |m|p denotes the p-part of m. In other
words, |m|p = pk if pk‖m (i.e. pk|m but pk+1 m). Also [ ] denotes the lower Gaussian
brackets.
2. Preliminary results
First we give an easy remark:
Remark 2.1. Let N be a normal subgroup of G and p ∼ q in (G/N). Then p ∼ q in
(G). In fact if xN ∈ G/N has order pq, then there is a power of x which has order pq.
Deﬁnition 2.1 (Gruenberg andRoggenkamp [11]). Aﬁnite groupG is called a 2-Frobenius
group if it has a normal series 1HKG, where K andG/H are Frobenius groups with
kernels H and K/H , respectively.
Lemma 2.1 (Williams [34, Theorem A]). If G is a ﬁnite group with its prime graph having
more than one component, then G is one of the following groups:
(a) a Frobenius or 2-Frobenius group;
(b) a simple group;
(c) an extension of a 1-group by a simple group;
(d) an extension of a simple group by a 1-group;
(e) an extension of a 1-group by a simple group by a 1-group.
Lemma 2.2. If G is a ﬁnite group with more than one prime graph component and has a
normal series 1HKG such that H andG/K are 1-groups andK/H is simple, then
H is a nilpotent group.
Proof. The prime graph of G has more than one component. So let q ∈ 2. Let y ∈
G be an element of order q. Since HG, y induces an automorphism  ∈ Aut(H). If
(h)= h, for some 1 = h ∈ H , then yh= hy. From the assumption, H is a 1-group and
o(y)= q. So (o(h), o(y))= 1, which implies that o(hy)= o(h)o(y). Hence q ∈ 1, which
is a contradiction. Therefore  is a ﬁxed-point-free automorphism of order q. Thus H is a
nilpotent group, by Thompson’s theorem ([10, Theorem 10.2.1]). 
The next lemma follows from [11] and the structure of Frobenius complements [1,10]:
Lemma 2.3. Let G be a Frobenius group of even order and let H, K be Frobenius com-
plement and Frobenius kernel of G, respectively. Then t (G) = 2, and the prime graph
152 A. Khosravi, B. Khosravi / Journal of Pure and Applied Algebra 199 (2005) 149–165
components of G are (H), (K) and G has one of the following structures:
(a) 2 ∈ (K) and all Sylow subgroups of H are cyclic;
(b) 2 ∈ (H), K is an abelian group, H is a solvable group, the Sylow subgroups of odd
order of H are cyclic groups and the 2-Sylow subgroups of H are cyclic or generalized
quaternion groups;
(c) 2 ∈ (H), K is an abelian group and there exists H0H such that |H : H0|2,
H0 = Z × SL(2, 5), (|Z|, 2.3.5)= 1 and the Sylow subgroups of Z are cyclic.
Also the next lemma follows from [11] and the properties of Frobenius groups [13].
Lemma 2.4. Let G be a 2-Frobenius group, i.e. G has a normal series 1HKG, such
that K and G/H are Frobenius groups with kernels H and K/H , respectively. Then
(a) t (G)= 2, 1 = (G/K) ∪ (H) and 2 = (K/H);
(b) G/K and K/H are cyclic, |G/K| | (|K/H | − 1) and G/KAut(K/H);
(c) H is nilpotent and G is a solvable group.
Lemma 2.5 (Chen [8, Lemma 8]). Let G be a ﬁnite group with t (G)2 and let N be
a normal subgroup of G. If N is a i-group for some prime graph component of G and
m1,m2, . . . , mr are some order components of G but not i-numbers, thenm1m2 · · ·mr is
a divisor of |N | − 1.
Lemma 2.6 (Chen [4, Lemma 1.4]). Suppose G and M are two ﬁnite groups satisfying
t (M)2, N(G) = N(M), where N(G) = {n |G has a conjugacy class of size n}, and
Z(G)= 1. Then |G| = |M|.
Lemma 2.7 (Chen [4, Lemma 1.5]). LetG1 andG2 be ﬁnite groups satisfying |G1|=|G2|
and N(G1)=N(G2). Then t (G1)= t (G2) and OC(G1)=OC(G2).
Lemma 2.8 (Khosravi and Khosravi [23]). Let G be a ﬁnite group and let M be a ﬁnite
group with t (M)= 2 satisfying OC(G)=OC(M). Let OC(M)= {m1,m2}. Then one of
the following holds:
(a) G is a Frobenius or 2-Frobenius group;
(b) G has a normal series 1HKG such that G/K is a 1-group, H is a nilpo-
tent 1-group, and K/H is a non-abelian simple group. Moreover OC(K/H) =
{m′1,m′2, . . . , m′s , m2}, where m′1m′2 . . . m′s |m1. Also G/KOut(K/H).
Lemma 2.9 (Ribenboim [27]). The equation pm − qn = 1, where p and q are primes and
m, n> 1 has only one solution, namely 32 − 23 = 1.
Lemma 2.10. Let a, m and n be positive integers. Then
(a) (an − 1, am − 1) =a(m,n) − 1;
(b) (a − 1, (an − 1)/(a − 1)) =(n, a − 1);
(c) ((an − 1)/(a(m,n) − 1), am − 1)= (n/(m, n), a(m,n) − 1).
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Proof. (a) is a well known result [33, p. 29] and (b) is a special case of (c). To prove (c),
let k = (m, n) and n′ = n/k. Without loss of generality we can assume that n′> 1. Then
an − 1
ak − 1 = (a
k)n
′−1 + · · · + (ak)+ 1= ((ak)n′−1 − 1)+ · · · + (ak − 1)+ n′
and by using (a), the result follows. 
Remark 2.2. Let p, q2 and n be positive integers. Then the following results hold:
(a) (q − 1)p < qp − 1;
(b) if n is odd, then (q + 1, (qn − 1)/(q − 1))= 1.
Proof. (a) Is obvious, since p, q2.
(b) If d = (q + 1, (qn − 1)/(q − 1)), then d is a divisor of (q2 − 1, (qn − 1)/(q − 1))=
(q − 1, n), by Lemma 2.10(c). Therefore d|(q − 1, q + 1) and d|n, which implies that
d|(2, n)= 1. 
Lemma 2.11. If n is a positive integer and x is a prime number, then |n!|x | x[(n−1)/(x−1)].
Proof. Let xtn<xt+1. Then |n!|x = xk , where
k =
[n
x
]
+
[ n
x2
]
+ · · · +
[ n
xt
]
 n
x
+ n
x2
+ · · · + n
xt
= n
x
· 1−
1
xt
1− 1
x

n(1− 1
n
)
x(1− 1
x
)
= n− 1
x − 1 . 
Lemma 2.12. Let x be an odd prime number and q2, n be positive integers.
(a) If x|q − 1, then |(qn − 1)/(q − 1)|x divides |n|x ;
(b) if x|q + 1 and 2|n, then |(qn − 1)/(q2 − 1)|x divides |n/2|x ;
(c) if x|qs − 1 and s|n, then |(qn − 1)/(qs − 1)|x divides |n/s|x ;
(d) if q is odd, then |(q2n − 1)/(q2 − 1)|2 = |n|2.
Proof. (a) If x|q − 1, then q = kx + 1, for some k > 0. Hence, (qn − 1)/(q − 1) =∑n
r=1
(
n
r
)
(kx)r−1. We claim that if xm divides (qn − 1)/(q − 1), then xm|n. It is true
for m = 1, since by using Lemma 2.10(b), we have x|n. Now we use induction on m. Let
xm+1|(qn−1)/(q−1) and so xm|n. For r2 we show xm+1| (n
r
)
(kx)r−1. It is sufﬁcient to
prove that xr−1> |r!|x . By Lemma 2.11, it is sufﬁcient to prove that r−1>(r−1)/(x−1),
which is true for r2, since x is an odd prime. Therefore |(qn− 1)/(q − 1)|x divides |n|x .
Part (b) is a special case of part (c) and part (c) is a special case of part (a).
(d) Let n= 2r s, where s is odd. Then
∣∣∣∣q2n − 1q2 − 1
∣∣∣∣
2
=
∣∣∣∣∣ (q
2r+1)s − 1
q2 − 1
∣∣∣∣∣
2
=
∣∣∣∣∣q
2r+1 − 1
q2 − 1
∣∣∣∣∣
2
,
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since (q2r+1)s−1 + · · · + q2r+1 + 1 is odd. Also
q2
r+1 − 1
q2 − 1 = (q
2 + 1)(q4 + 1) · · · (q2r + 1)
and 2‖(q2i + 1), for every 1 i2r−1. Therefore |(q2r+1 − 1)/(q2− 1)|2= 2r = |n|2. 
Lemma 2.13. Let q be a prime power which is not of the form 32r ± 1, where = 0, 1 and
r1. LetM = Cn(q), where n= 2m (m2) and let m2 = (qn + 1)/(2, q + 1). Then
(a) If x ∈ 1(M), x| |M| and x − 1 ≡ 0 (mod m2), then x = q2kn, where 1kn/2;
(b) if x ∈ 1(M), x| |M| and x+1 ≡ 0 (modm2), then x=q(2k+1)n,where 0kn/2−
1;
(c) if x ∈ 1(M), then |Sx |qn2 where Sx ∈ Sylx(M).
Proof. (a) and (b). If q=2r , then (q−1, q+1)=1 but if q is odd, then (q−1, q+1)=2.
Therefore we have to consider two cases. First let q be an odd prime power. We know that
m1 = qn2(qn − 1)
n−1∏
i=1
(q2i − 1)= qn2(q − 1)n(q + 1)n
(
qn − 1
q2 − 1
) n−1∏
i=1
q2i − 1
q2 − 1 .
If x|m1, thenwe have to consider all possibilities for x.According to the above factorization
of m1, x is a divisor of q, q − 1, q + 1, (qn − 1)/(q2 − 1) or (q2k − 1)/(q2 − 1), where
1kn− 1.
If x|(q2k − 1)/(q2 − 1), then we can consider two cases. If k = 2, then x|q2i + 1, for
some 1 i. But (q2i + 1)|(q2i+1 − 1)/(q − 1). If there exists an odd prime s such that
s|k, then x is a divisor of (qs − 1)/(q − 1), (qs + 1)/(q + 1) or (q2k − 1)/(q2s − 1). If
x|(q2k − 1)/(q2s − 1), then x|(q2k − 1)/(qs − 1).
Therefore it is enough to consider the primes which divide the following factors: q, q−1,
q + 1, (qs − 1)/(q − 1), (qs + 1)/(q + 1) and (qt − 1)/(qs − 1), where s is an odd prime
number and s|t . Therefore we consider the following steps:
Step 1: If x = 2 and 4|q − 1, then |q + 1|2 = 2, |(qn − 1)/(q2 − 1)|2 = n/2 and
|(q2i − 1)/(q2 − 1)|2 = |i|2, where 1 in− 1, by Lemma 2.12(d). Hence
∣∣∣∣∣q
n − 1
q2 − 1 ·
n−1∏
i=1
q2i − 1
q2 − 1
∣∣∣∣∣
2
=
∣∣∣n2
∣∣∣
2
|(n− 1)!|2 = 12 |n!|2,
which is a divisor of 2n−2. Therefore 2|2n2n−2(q − 1)n = 22n−2(q − 1)n, which implies
that 2|22n(q − 1)n = (4(q − 1))n.
Let q − 1 = 2rA, where A is odd. We know that r2 and A5, because q is not of
the form 32r ± 1. Since A5 we have 2r = (q − 1)/A(q − 1)/5. Then 2( 45 )n(q −
1)n < (qn−1)/2=m2−1, since ( 45 )n < 12 , for n4. So 2−1 /≡ 0 (modm2), and similarly
2 + 1 /≡ 0(mod m2).
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Step 2: If x = 2 and 4|q + 1, then again by using Lemmas 2.11 and 2.12, we conclude
that
2|2n+n−2(q + 1)n,
which implies that 2| 14 (4(q+ 1))n. Similar to Step 1, let q+ 1= 2rA, where A5 is odd.
Then 2 14 (
4
5 (q + 1))n, but easily we can see that 12 ( 45 (q + 1))n <m2− 1, because q > 5.
Therefore 2 ± 1 /≡ 0 (modm2).
In the rest of the proof of this lemma, we let x be an odd prime number.
Step 3: If x|q − 1, then since q is an odd prime power, q − 1= xA, where A2 and x
does not divide A. Hence x = (q − 1)/A(q − 1)/2. By using Lemmas 2.11 and 2.12,
x| |n!|x(q−1)n, which implies that x|x[(n−1)/(x−1)](q−1)n. Then xx(n−1)/(x−1)((q−
1)/2)n. We supposed that x3 is an odd prime. If x3, then x < 2x−1 and hence
(x1/(x−1))n−1< 2n−1. Therefore by using Remark 2.2, we have x(n−1)/(x−1)((q − 1)/2)n
<m2 − 1. Hence x − 1 /≡ 0 (modm2) and similarly x + 1 /≡ 0 (modm2).
Step 4: If x|q + 1, then similar to Step 3 we get the result.
Step 5: Let x|(qs − 1)/(q − 1), where 3sn is an odd prime number. Obviously
we can consider the case that x does not divide q2 − 1, because the other cases were
discussed in the previous steps. If s is not a divisor of t, then (qs − 1, (qt − 1)/(q − 1))=
(t, q − 1), by Lemma 2.10. Therefore if x|(qs − 1)/(q − 1) and x q − 1, then x does
not divide (qt − 1)/(q − 1). If s|t , then (qs − 1)|(qt − 1) and by using Lemma 2.12, we
have |(qt − 1)/(qs − 1)|x | |t/s|x . Therefore if x|m1, then x divides∏n−1t=1,s|t (q2t − 1),
since s n. Hence x divides (qs − 1)[n/s]∏n−1t=1,s|t (q2t − 1)/(qs − 1), which implies that
x divides ((qs − 1)/(q − 1))[n/s]∏n−1t=1,s|t |2t/s|x. Since |2t/s|x = |t/s|x , we conclude
that x is a divisor of |([(n − 1)/s])!|x.((qs − 1)/(q − 1))[n/s]. Hence x is a divisor of
x[[(n−1)/s]/(x−1)]((qs − 1)/(q − 1))[n/s], by Lemma 2.11. Therefore
x|x[n/(s(x−1))]
(
qs − 1
q − 1
)[n/s]
and we conclude that x<m2 − 1, similarly to the last steps. Therefore x ± 1 /≡ 0
(mod m2).
Step 6: Let x|(qs + 1)/(q+ 1), where 1sn− 1 is an odd prime number, then similar
to Step 5, we get the same results.
Step 7: Let x|qt −1, where 1 t2n−2, and t is not a prime number.Also let x qp−1,
for every prime p such that p|t , and x q2 − 1, since the other cases were discussed in the
previous steps. If p2 is a prime number and p|t , then (qp − 1)|(qt − 1).
First let t = p1p2, where p1 and p2 are primes (not necessarily distinct). Let x|qt − 1
and x (qp1 −1)(qp2 −1). By using Lemma 2.10, x|(qk−1)/(q−1) if and only if p1p2|k.
Hence x is a divisor of
(qn − 1)
n−1∏
k=1,p1p2|2k
(q2k − 1),
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which implies that
x
∣∣∣∣∣∣
(
qp1p2 − 1
qp1 − 1
)[ n
p1p2
]
n∏
k=1,p1p2|2k
∣∣∣∣ 2kp1p2
∣∣∣∣
x
⇒ x
∣∣∣∣∣∣x
[
n
p1p2(x−1)
](
qp1p2 − 1
qp1 − 1
)[ n
p1p2
]
.
Now proceed similarly to Step 5.
If t is not a prime number, then let x|qt − 1 and xqp − 1, for every prime p such that
p|t . Then there exist prime divisors p1, p2, . . . , pk (k2) of t such that x|qp1...pk − 1
and x
∏k
i=1(qpi − 1). Now we proceed similarly to the above proof and conclude that
x<m2 − 1 which implies that x ± 1 /≡ 0(mod m2).
Step 8: If x|qn2 , then q = xt for some t > 0.
First let 1xqn. If x+1 ≡ 0 (modm2), then x+1=k(qn+1)/2, where 1k2.
Since x + 1 = (qn + 1)/2, it follows that k = 2. Hence x = qn. If x − 1 ≡ 0 (mod
m2), then we must have x− 1= (qn+ 1)/2, which is impossible, since x− 1 is even but
(qn + 1)/2 is odd.
Now let qn <xq2n, and hence x=qnxr , where 1<xrqn. If x+1 ≡ 0(mod m2),
then x+1=k(qn+1)/2, for some k > 0. Therefore qn|k−2, which implies that qn+2k.
Therefore 2xqn(k+1) and hence xr(qn+3)/2. Therefore xr > qn/2 and xr |qn. Thus
xr = qn. Then q2n+ 1= k(qn+ 1)/2, and hence (qn+ 1)|2(q2n+ 1), which is impossible.
Therefore x + 1 /≡ 0 (mod m2).
If x − 1 ≡ 0 (mod m2), then for some k > 0 we have
km2 = x − 1= xrqn + qn − qn − 1= qn(xr + 1)− (qn + 1)
= qn(xr + 1)− 2m2.
Therefore xr + 1 ≡ 0 (mod m2) and 1xrqn. So xr = qn and hence x = q2n.
If qkn < xq(k+1)n, where 1kn− 1, we can proceed similarly and get the result.
If q = 2r then by a similar manner we prove these parts of the lemma.
(c) It follows from the proof of parts (a) and (b).
Now the proof of this lemma is completed. 
Remark 2.3. Let q be of the form 32r ± 1, where = 0, 1 and r1. Then
(a) If x|m1 and x+1 ≡ 0 (modm2), then x=q(2k+1)n, where 0kn/2−1 or x=2;
(b) if x| m1 and x − 1 ≡ 0 (mod m2), then x = q2kn, where 1kn/2 or x = 2;
(c) if 2| |M| and 2 +  ≡ 0 (mod m2), where = 1 or −1, then
(i) 2|4n(q − 1)n or 2|4n(q + 1)n;
(ii) 22 |M|, if q = 3 and 23 |M|, if q = 3.
Proof. The proof of Lemma 2.13 shows that if x is an odd prime number, then the proof of
Steps 3–8 are valid.We note that if q= 3, then the estimating x1/(x−1) < 2 is not applicable
in the proof of Step 5 of Lemma 2.13. So in this step we prove that x<m2−1, as follows:
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In Step 5 it was proved that
xx[n/s(x−1)]
(
3s − 1
2
)[n/s]
,
where x is an odd prime and x|3s − 1. Hence x = 3 and 3s ≡ 1 (mod x), which implies
that ordx3= s (see p. 245 in [33]).
Also 3 is a primitive root of 5 and 7. Hence ord53=4 and ord73=6. Therefore 5 3s−1
and 7 3s − 1, which implies that x11, and so x1/(x−1)111/10.
If [n/s] = 1, then x|(3s − 1)/2 and hence x<(3n − 1)/2=m2 − 1.
If [n/s]2, then
x
(
x
1
x−1 .
3s − 1
2
)[n/s]

(
111/10
2
)[n/s]
(3s − 1)[n/s] 1
2
(3s − 1)[n/s]< 3
n − 1
2
=m2 − 1,
since [n/(s(x − 1))][n/s](1/(x − 1)).
But in Steps 1 and 2 we can not conclude thatA5. Therefore there might be some > 0
such that 2|m1 and 2 + 1 ≡ 0 (modm2) or 2 − 1 ≡ 0 (modm2) (But we strongly guess
that the only possibility is (n, q, 2)= (4, 3, 210), where 2 + 1 ≡ 0 (modm2)). Hence (a)
and (b) follow from the proof of Lemma 2.13.
Also the proof of Lemma 2.13 (Steps 1 and 2) shows that 2|4n(q−1)n or 2|4n(q+1)n.
If 2 − 1 ≡ 0 (mod m2), then 2>m2. If 2 + 1 ≡ 0 (mod m2), then 2 + 1 = km2, for
some k > 0. By using Lemma 2.9, it follows that k3. Therefore if 2 ± 1 ≡ 0 (mod m2),
then 2>m2, which implies that 22>m22. If q7, then 4n(q ± 1)n <m22. Also if q = 5,
then 16n <m22. Therefore if q = 3, then 22 |M|. If q = 3, then similarly we conclude that
23 |M|. 
Lemma 2.14. Let q be a prime power and n= 2m4. Then the diophantine equation
q ′r − 1
q ′ − 1 =m2,
has no solution, where r3 and q ′ is a prime power, such that qn | q ′r .
Proof. Let (q, n, q ′, r) be a solution of this diophantine equation. We consider two cases:
Case 1: (2, q + 1)= 1.
In this case, we have
q ′r − 1
q ′ − 1 = q
n + 1 ⇒ q ′r = qn(q ′ − 1)+ q ′,
which implies that qn|q ′. On the other hand, qn + 1= 1+ q ′ + · · · + q ′r−1, but r3, and
it is a contradiction.
158 A. Khosravi, B. Khosravi / Journal of Pure and Applied Algebra 199 (2005) 149–165
Case 2: (2, q + 1)= 2.
Similar to Case 1, we have
q ′r − 1
q ′ − 1 =
qn + 1
2
⇒ 2q ′r − 2= qn(q ′ − 1)+ q ′ − 1
and hence qn|(q ′ + 1). Therefore qnq ′ + 1<m2, and so (qn + 1)/2<qn <m2, which
is a contradiction. 
Similarly we can prove that:
Lemma 2.15. Let q be a prime power and n= 2m4. Then the diophantine equation
q ′r + 1
q ′ + 1 =m2,
has no solution, where r3 and q ′ is a prime power, such that qn | q ′r .
Lemma 2.16. Let q be a prime power and n= 2m (m2). Then the diophantine equation
q ′p
′ − 1
(p′, q ′ − 1)(q ′ − 1) =m2,
has no solution, where q ′ is a prime power and p′ is an odd prime number such that qn |
q ′p
′
.
Proof. Let (q, n, q ′, p′) be a solution of this diophantine equation. Obviously
(p′, q ′ − 1)= p′, by Lemma 2.14. Now we consider two cases:
Case 1: (2, q + 1)= 1.
Then p′|q ′ − 1 and hence q ′ = up′ + 1, for some u> 0. Also q|q ′ or q ′|q and we have
q ′p
′−1 + · · · + q ′ + 1= p′qn + p′,
which implies that q|p′ − 1 or q ′|p′ − 1, respectively. If q ′|p′ − 1, then q ′q ′ − 2, which
is a contradiction. Therefore q|p′ − 1 and q|q ′, which implies that p′ = kq + 1, for some
k > 0. Since (2, q + 1)= 1, we conclude that q = 2 and q ′ = 2 where . Hence
2n = qn = (up
′ + 1)p′ − 1− up′2
up′2
= u

p′−2∑
k=1
(
p′
k + 2
)
ukp′k + p
′(p′ − 1)
2

 ,
which by p′ = 2 implies p′|q, which is a contradiction.
Case 2: (2, q + 1)= 2.
If q ′|q, then
q ′p
′ − 1
p′(q ′ − 1) =
qn + 1
2
⇒ p′(qn + 1)= 2
(
q ′p
′−1 + · · · + q ′
)
+ 2 ⇒ q ′|p′ − 2.
Also (p′, q ′ − 1) = p′, which implies that p′|q ′ − 1. Therefore p′p′ − 3, which is a
contradiction.
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If q|q ′, then q|p′ − 2, because
2q ′p
′ − 2= qnp′(q ′ − 1)+ p′(q ′ − 1).
Therefore p′5.Also qn|q ′p′ , which implies that qn|p′(q ′ −1)+2. Now by using the fact
that p′|q ′ − 1, we get qn(q ′ − 1)2+ 2. Hence (qn+ 1)/2(q ′ − 1)2. On the other hand,
(q ′ − 1)2 q
n + 1
2
= q
′p′ − 1
p′(q ′ − 1)
q ′p
′ − 1
(q ′ − 1)2 ,
which implies that (q ′ − 1)4q ′p′ − 1, which is a contradiction, by Remark 2.2(a). 
Similarly we can prove that:
Lemma 2.17. Let q be a prime power. Then the diophantine equation
q ′p
′ + 1
(p′, q ′ + 1)(q ′ + 1) =m2,
has no solution, where q ′ is a prime power and p′ is an odd prime number such that
qn | q ′p′ .
Lemma 2.18 (Zsigmondy’s Theorem; Zsigmondy [35]). Let p be a prime and n be a posi-
tive integer. Then one of the following holds:
(i) There is a prime p′ such that p′|(pn − 1) but p′ (pm − 1), for every m<n;
(ii) p = 2, n= 1 or 6;
(iii) p is a Mersenne prime and n= 2.
3. r-Recognizability of the simple groups B2m(q) and C2m(q)
Lemma 3.1. Let G be a ﬁnite group andM =Cn(q), where n= 2m (m2). If OC(G)=
OC(M), then G is neither a Frobenius group nor a 2-Frobenius group.
Proof. IfG is a Frobenius group, then by Lemma 2.3,OC(G)={|H |, |K|}where K andH
are Frobenius kernel and Frobenius complement ofG, respectively. Since |H | | (|K|−1), we
have |H |< |K|. So |H |=(qn+1)/(2, q+1), |K|=|G|/|H |. Let p be an odd prime number
which divides |K| and p q. Let Sp be a Sylow p-subgroup of K. Since K is nilpotent, Sp
is a normal subgroup of G. Therefore m2| |Sp| − 1, by Lemma 2.5, and hence |Sp| = q2kn,
where 1kn/2, or |Sp| = 2, by Lemma 2.13 and Remark 2.3, which is a contradiction.
Hence G is not a Frobenius group.
If G is a 2-Frobenius group, then by Lemma 2.4, there is a normal series 1HKG
such that |K/H | = m2 and |G/K| | m2 − 1. We may assume that |H | = 1, otherwise G
would be a Frobenius group.
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If q is odd, then |G/K| | m2 − 1= (qn − 1)/2. Since 1 = (G/K)∪ (H), by Lemma
2.18 we can choose an odd prime number p such that p| |H | and p q. Then Sp, the Sylow
p-subgroup of H, is a normal subgroup of K, since H is nilpotent. Hence m2| |Sp| − 1, by
Lemma 2.5, which is a contradiction, by Remark 2.3.
If q is even, then |G/K| | m2 − 1 = qn. Again by Lemma 2.18, we can choose an odd
prime number p such that p||H |. Now we can get a contradiction, similarly. 
Proof of the main theorem.ByLemmas2.8 and3.1,Ghas anormal series 1HKG
such that (H)∪ (G/K) ⊂ 1 andK/H is a non-abelian simple group, t (K/H)2 and
the odd order component ofM is an odd order component ofK/H . Since non-abelian sim-
ple groups have even order, hence {2,m2} ⊆ (K/H). First let q be an odd prime power.
In the sequel we use the classiﬁcation of ﬁnite simple groups and the results in Tables 1–3
in [20].
step 1: Let K/HAk where k = p′, p′ + 1, p′ + 2 and p′5 is a prime number.
Thenm2=p′ or p′−2, wherep′5 is an odd prime number. Since q3 and n4,
it follows that m241 and hence p′41. Therefore if 2t‖ |Ap′ |, then t[p′2 ] +
[p′4 ] + [p
′
8 ]. Since p′m241, it follows that t > 3m2/4. Hence 23m2/4| |K/H |,
but as we can see from the proof of Lemma 2.13, if 2‖ |G| then 2|4n(q − 1)n or
2|4n(q + 1)n. But
n(2+ log2(q ± 1))<
3
4
(
qn + 1
2
)
= 3m2
4
,
which is a contradiction.
Therefore K/H is not an alternating group.
Step 2: If K/H is a simple group of Lie type, then K/H can be isomorphic to one of the
groups were listed in Tables 1–3 in [20].
Since the proofs are similar only we do a few of them. For convenience let
X = {q | q is of the form 32r ± 1; = 0, 1; r > 0}.
(2.1) If K/HAr(q ′) or 2Ar(q ′), then we distinguish the following 4 cases:
(2.1.1) Let K/HAp−1(q ′), where p is an odd prime and (p, q ′) = (3, 2), (3, 4).
Then
m2 = q
′p − 1
(q ′ − 1)(p, q ′ − 1) ,
which implies that q ′p − 1 ≡ 0 (mod m2). By using Lemmas 2.13, 2.16 and
Remark 2.3, we conclude that q ∈ X and q ′p = 2, for some > 0. If q = 3,
then 22 does not divide |G|, by Remark 2.3, which implies that p = 3 and
q ′ = 28. If q = 3, then 23 |G|, by Remark 2.3. Hence p5 and q ′ = 2.
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If p = 3 and q ′ = 28, then
qn + 1
2
= 2
3 − 1
(2 − 1)(3, 2 − 1) .
If (3, 2−1)=1, then qn−1=2+1(2+1). But q is odd and hence 2‖q2k+1,
where k1. Hence
qn − 1= 2m−1(q2 − 1)
(
q2 + 1
2
)(
q4 + 1
2
)
· · ·
(
q2
m−1 + 1
2
)
= 2+1(2 + 1),
which implies that 2+1|2m−1(q2 − 1) and we conclude that
q2
m−1−1 = qq2 · · · q2m−2
(
q2 + 1
2
)(
q4 + 1
2
)
· · ·
(
q2
m−1 + 1
2
)
2 + 12+12m−1(q2 − 1),
which is impossible, since q−1> (q2−1), where 8 and q3. If (3, 2−
1)=3, then 3qn+1=2+1(2+1). But 4‖(3qn+1), and hence =1, which
is a contradiction, since 3.
If p = 5, q = 3 and q ′ = 22, then by a small modiﬁcation of the above
proof we get a contradiction.
If K/H 2Ap−1(q ′), then similarly we get a contradiction.
(2.1.2) Let K/HAp(q ′), where p is an odd prime and (q ′ − 1)|(p − 1). Then
q ′p − 1 ≡ 0 (mod m2) and by using Lemmas 2.13, 2.14 and Remark 2.3, we
conclude that q ∈ X, q ′p = 2. Then we have q ′p(p+1)/2| |G|, which implies
that q = 3, q ′ = 2 and p = 3, by Remark 2.3. Then q ′ − 1|2 and q ′3 = 2.
Therefore q ′ = 2, which is a contradiction,since m2 = 7.
IfK/H 2Ap(q ′), where (q ′ + 1)|(p+ 1) and (p, q ′) = (3, 3), (5, 2), then
we proceed similarly and get a contradiction.
(2.1.3) Let K/HA1(q ′). We consider 3 cases:
• If 4|q ′ + 1, then the odd order components of A1(q ′) are q ′ and (q ′ − 1)/2. If
m2 = (q ′ − 1)/2, then q ′ = q2kn, where 1kn/2, because q ′ is odd. Therefore
qn + 2= q ′ = q2kn, which is impossible.
If m2 = q ′, then q ′ + 1 = (qn + 3)/2 and 4|q ′ + 1. But n = 2m4 and hence
4 (qn + 3)/2, which is a contradiction.
• If 4|q ′, then the odd order components of A1(q ′) are q ′ − 1 and q ′ + 1. Letq ′ = 2.
If m2 = q ′ + 1, then q ′ + 1 = (qn + 1)/2 which implies that 2+1 + 1 = qn. We
know that 2 and n4. Therefore this diophantine equation has no solution, by
Lemma 2.9, which is a contradiction.
If m2 = q ′ − 1, then 2+1 = qn + 3. But q is odd and n= 2m4, hence 4‖qn + 3,
which is a contradiction, since 2.
• If 4|q ′ − 1, then the odd order components of A1(q ′) are q ′ and (q ′ + 1)/2.
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If m2 = (q ′ + 1)/2, then q ′ = qn and |K/H | = |A1(qn)| = qn(qn − 1)(qn + 1)/2,
which is a divisor of |G|. Also |G/K| is a divisor of |Out(A1(qn))|, by Lemma
2.8(b).
If q=pr0, then |Out(A1(qn))|=2nr=2m+1r . Since n4, we have n−13
and hence (q6 − 1) | |G|/|K/H |. By using Lemma 2.12(d) we have |(q6 −
1)/(q2−1)|2=1, because q is odd.Also r <pr0=q < (q6−1)/(q2−1) and
(q6− 1)/(q2− 1) is odd. Therefore if (q6− 1)/(q2− 1)=∏ti=1pii , then for
some 1 i t , we have pii  r . Obviously pi | |H |, and pi  q, since |G/K| |
2m+1r . Let P be a Sylow pi-subgroup of H. Then P is a normal subgroup of
G, since H is nilpotent by Lemma 2.2. Now by using Lemma 2.5, we have
m2|(|P |− 1), which is a contradiction by Lemma 2.13 and Remark 2.3, since
pi is an odd prime.
If m2 = q ′, then we get a contradiction similar to the above proof.
(2.1.4) Let K/HA2(2), A2(4),2A3(2) or 2A5(2). Then m2 must be equal to 3, 5,
7, 9, 11, which is impossible.
(2.2) If K/H E6(q ′), then
m2 = q
′6 + q ′3 + 1
(3, q ′ − 1) =
q ′9 − 1
(3, q ′ − 1)(q ′3 − 1) .
But (3, q ′ − 1)= (3, q ′3 − 1), and hence q ∈ X and q ′9 = 2, by Lemmas 2.13, 2.16
and Remark 2.3. But 24| |G| which is a contradiction by Remark 2.3.
Similar proof shows that K/H 2E6(q ′).
(2.3) If K/HF4(q ′), then we consider 2 cases:
(2.3.1) If q ′ is odd, then
m2 = q ′4 − q ′2 + 1= q
′6 + 1
q ′2 + 1 ,
which is a contradiction, by Lemma 2.15.
(2.3.2) Ifq ′ is even, thenm2 = q ′4−q ′2+1, sinceq is odd.Otherwiseq ′6+1 ≡ 0(mod
m2) and q ′24| |G|, which is a contradiction by Remark 2.3. Also, since q is
odd, we have m2 = q ′4 + 1, because q ′24| |G|.
Hence K/HF4(q ′).
(2.4) If K/HG2(q ′), then we consider 2 cases:
(2.4.1) If 3|q ′, then m2 = q ′2 + q ′ + 1 or m2 = q ′2 − q ′ + 1. Therefore m2 = (q ′3 ±
1)/(q ′ ± 1), which implies that q ∈ X and q ′3 = 2, by Lemmas 2.14 and
2.15, which is a contradiction, since q ′ = 3.
(2.4.2) If q ′ ≡  (mod 3),  = ±1, q ′> 2, then m2 = q ′2 − q ′ + 1. Therefore
m2 = (q ′3 ± 1)/(q ′ ± 1), which implies that q ′3 = 2, by Lemmas 2.14
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and 2.15. But q ′6| |G|, which implies that q = 3 and q ′ = 2. Therefore
3n − 1 = 2+1(2 ± 1), where n = 2m4. By using Lemma 2.12(d), we
have |3n − 1|2 = 8|(9n/2 − 1)/(9 − 1)|2 = 8|n/2|2 = 8n/2 = 4n = 2m+2.
Hence  + 1 = m + 2, i.e.  = m + 1. But by an easy proof we ﬁnd that
32m = 22m+3 ± 2m+2 + 1, for every m2, which is a contradiction.
(2.5) If K/H 3D4(q ′), then m2 = q ′4 − q ′2 + 1, and hence m2 = (q ′6 + 1)/(q ′2 + 1).
Since q ′12| |G|, we get a contradiction, similarly to case (2.3).
(2.6) IfK/H 2B2(q ′), where q ′ =22t+1> 2, thenm2 is equal to q ′ −1 or q ′ ±
√
2q ′ +1.
If m2 = q ′ − 1, then q = 3, because q ′2| |G|. Hence 3n + 1= 22t+2 − 2, which is a
contradiction. Ifm2=22t+1±2t+1+1, then q ′2+1 ≡ 0 (modm2). Hence q ∈ X and
qn − 1= 2t+2(2t ± 1). Now we proceed similarly to (2.1.1) and get a contradiction.
If K/H 2F4(q ′), then we proceed similarly.
(2.7) If K/H Cr(q ′), then we distinguish the following cases:
(2.7.1) Let K/H Cr(q ′), where r = 2s2.
If q ′ is odd, then q ′r = qn. Since q ′r2 | |G|, we have r2n2 and hence rn,
which implies that q|q ′. If r <n, then n = 2hr and q ′ = q2h where h> 0.
Therefore |K/H | | |G|. Note that |G| = |G/K|.|K/H |.|H | and by using
Lemma 2.8(b), we have |G/K| | |Out(K/H)|. Also (q6 − 1) | |G|/|K/H |
and similar to (2.1.3) we can choose an odd prime p such that p  q and p | |H |.
Now let P be a Sylow p-subgroup of H. Since H is nilpotent, PG. Hence
m2 | (|P | − 1), which implies that |P | = qi , a contradiction.
Therefore q = q ′ and n= r . So K/H Cn(q). But |K/H | = |G| = |M| and
hence H = 1 and K =G. Therefore GM .
Ifq ′ is even, thenq ′=2. Hence 2r+1=(qn+1)/2,which implies that 2r+1+
1 = qn. Since n4 and r4, we get a contradiction, by
Lemma 2.9.
(2.7.2) Let K/H Cp(q ′), where p is an odd prime number and q ′ = 2, 3.
If q ′ = 3, then 3p = q2kn, which is a contradiction, since 2kn|p.
If q ′ = 2, then since 23p| |G|, we get a contradiction, by Remark 2.3.
If K/HBr(q ′), then similarly we can prove that GBn(q).
Step 3: If K/H is a sporadic simple group, then m2 must be equal to 5, 7, 11, 13, 17, 19,
23, 29, 31, 37, 41, 43, 47, 59, 67, 71. The only solutions are (n, q,m2)= (4, 2, 17)
and (4, 3, 41). We know that 41 is an odd order component of F1. But 47 | |F1| and
47  |G| = |C4(3)|, which is a contradiction. Also 17 is an odd order component of
He, J3, F23, F ′24. Again note that 73 | |He|, 13 | |F23|, 13 | |F ′24| and 19 | |J3|. But|C4(2)| = 216 × 34 × 52 × 17 × 31 and we get contradictions. So K/H is not a
sporadic simple group.
ThereforeGBn(q) orGCn(q) and hence k(OC(Cn(q)))= 2. If q is even, by
a small modiﬁcation of the above proof we conclude that k(OC(Cn(q)))= 1.
The proof of the main theorem is now completed. 
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4. Some related results
Remark 4.1. It is a well known conjecture of J.G. Thompson that ifG is a ﬁnite group with
Z(G)= 1 and M is a non-abelian simple group satisfying N(G)=N(M), then GM .
We can give a positive answer to this conjecture for the groups Cn(q) (where n= 2m4
and q is even) by our characterization of these groups.
Corollary 4.2. Let G be a ﬁnite group with Z(G)= 1,M= Cn(q), where n= 2m4 and
q is even. If N(G)=N(M), then GM .
Proof. By Lemmas 2.6 and 2.7, if G andM are two ﬁnite groups satisfying the conditions
of Corollary 4.2, then OC(G)=OC(M). So the main theorem implies this corollary. 
Remark 4.3. Shi and Bi in [31] put forward the following conjecture:
Conjecture. Let G be a group andM be a ﬁnite simple group. Then GM if and only if
(i) |G| = |M|, and,
(ii) e(G)= e(M), where e(G) denotes the set of orders of elements in G.
This conjecture is valid for sporadic simple groups [28], alternating groups [32], and
some simple groups of Lie type [28–31]. As a consequence of the main theorem, we prove
the validity of this conjecture for the groups under discussion.
Corollary 4.4. Let G be a ﬁnite group andM= Cn(q), where n= 2m4 and q is even. If
|G| = |M| and e(G)= e(M), then GM .
Proof. By assumption we must haveOC(G)=OC(M). Thus the corollary follows by the
main theorem. 
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